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Abstract. We prove that, if is a coherent sheaf of Ox-modules 
over a morphism ip : X ~> Y of complex-analytic spaces, where Y is 
smooth, then the stalk at a point ^ e X is flat over R := Oy,i^(5) 
if and only if the n-fold analytic tensor power of J-^^ over R (where 
n = dim R) has no vertical elements. The result implies that if J- is 
a finite module over a morphism if : X ^ Y of complex algebraic 
varieties, where Y is smooth and dimy = n, then !Fi^ is i?-flat 
if and only if its n-fold tensor power is a torsionfree i?-module. 
The latter generalizes a classical freeness criterion of Auslander to 
modules that are not necessarily finitely generated over the base 
ring. 
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1. Introduction 

This work is of origin in M. Auslander 's criterion for freeness of a 
finitely generated module over a regular local ring [3l Thm. 3.2]: 
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Theorem 1.1. Let R be a regular local ring of dimension n > 0, and 
let F be a finite R-module. Then F is R-free if and only if the n-fold 
tensor power F®r is a torsion-free R-module. 

( Theorem 11.11 was proved in the case that R is unramified by Auslan- 
der, and extended to arbitrary regular local rings by Lichtenbaum [Hj.) 

Our main result is an effective geometric analogue of Auslander's 
criterion, for flatness of a coherent sheaf JF of Ox-inodules over a mor- 
phism if : X ^ Y oi complex-analytic spaces, where Y is smooth 
(Theorem 11.101 below.) The result is an extension of a theorem of 
Galligo and Kwiecihski [8]. 

In the context of Auslander's theorem, fiat is equivalent to free. Vas- 
concelos [17] and Kwiecihski [13] were the first to consider extending 
Auslander's criterion from finite modules to finite algebras over a regu- 
lar local ring. Vasconcelos made the following conjecture (TTJ Conj. 6.2], 
[IHl Conj. 2.6.1]. 

Conjecture 1.2. Let R be a regular ring of dimension n > and let 
A denote an R-algebra essentially of finite type. Then A is R-flat if 
and only if A'^r is torsion-free over R. 

An i?-algebra essentially of finite type means a localization of an 
i?-algebra of finite type. Vasconcelos proved the analogue of Conjec- 
ture 11.21 for a Noetherian i?-algebra over a 2-dimensional regular local 
ring R [TTl Prop. 6.1]. 

We use our main theorem to prove a generalization of Vasconcelos's 
conjecture in the case that i? is a C-algebra (see §1.2): 

Theorem 1.3. Let R be a regular C-algebra of finite type. Let A denote 
an R-algebra of finite type and let F denote a finitely generated A- 
module. Set n = dimi?. If p G A is a prime ideal, then the localization 
Fp is R-flat if and only if the n-fold tensor power Fp is a torsion-free 
R-module. 

Equivalently, if p C A is a prime ideal and q = p n i?, then Fp is 
i?q-flat if and only if Fp '' is -Rq-torsion-free. 

Corollary 1.4. With the assumptions of Theorem \1.3[ F is R-flat if 
and only if F'^r is R-torsion-free. 

We work with C-algebras (or, more generally, algebras over a com- 
plete algebraically-closed field) in this article because an important 
transcendental technique — Frisch's generic flatness theorem [71, Prop. VI, 14] 
— plays an essential part (in the proof of verticality of torsion modules 
[SI Prop. 4.5]; see Lemma 3.1(4) below). 
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We are planning to write a sequel to this article, Auslander criterion 
for flatness of a morphism of algebraic varieties, in which we will use 
Grothendieck's generic flatness theorem flUi Thm. 11.1.1] rather than 
Frisch's theorem to prove the assertion of Theorem 1.3 in the case 
that i? is a regular fc-algebra of finite type over a field k. This result 
establishes a generalization of Vasconcelos's conjecture in a natural 
algebraic-geometry setting — it provides a criterion for flatness of a 
coherent sheaf JF of Ox-^odu\es over a morphism (p : X ^ Y of 
schemes of finite type over k. 

In a second paper to follow, An inductive geometric criterion for 
flatness, we will prove another geometric flatness criterion using tech- 
niques which differ from but share a common approach with those here 
— successive reduction in fibre dimension via Weierstrass preparation, 
to eventually reduce the problem to a question about flatness of finitely- 
generated modules that is well-understood. The inductive criterion is 
a convenient tool to prove generic flatness results like Frisch's theorem. 

Remark 1.5. Let i? be a ring and let F be a finitely-generated mod- 
ule over an i?-algebra A of finite type. From a computational point 
of view, a general way to investigate i?-flatness of F is to find an ele- 
ment r & R, such that (i) r is a zero-divisor in neither R nor F, and 
(ii) the localization Rr is regular (see [IB])- Condition (i) permits re- 
duction of dimension by passage from R to R/{r). To exploit (ii), we 
need to handle the case of a regular ring directly; for example, using 
Theorem 11.31 The latter together with algorithms for primary decom- 
position (see |18j) provides an effective criterion for flatness in the case 
that is a regular C-algebra of finite type: By Theorem 11.31 and the 
prime avoidance lemma [U Lemma 3.3], in order to verify that F is not 
i?-flat, it is enough to find an associated prime of F^r in A'^r which 
contains a nonzero element r E R. Note that n is independent of F. 
The power n = dimi? is best possible already in the case that F is a 
finite i?-module P §3], ^ Remark 2.62]. 

1.1. Vertical components in fibred powers. Kwiecihski [13] proved 
that, if i? is a finitely generated C-algebra which is a normal domain 
and A is a finitely generated i?-algebra, then A is i?-flat if and only if all 
tensor powers A^r are i?-torsion-free. He used techniques of complex- 
analytic geometry, introducing the idea of a vertical component of an 
analytic mapping as a geometric analogue of torsion in commutative 
algebra. Following [1], we distinguish algebraic and geometric versions 
of Kwiecihski's idea: Let (f^ : Yj^ denote a morphism of germs of 

complex-analytic spaces. 
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Definition 1.6. Let denote an irreducible component of (iso- 
lated or embedded). We say that is an algebraic (respectively, 

geometric) vertical component of (f^ (or over Y^) if ip^ maps to a 
proper analytic (respectively, nowhere- dense) subgerm of Y^. 

(We are allowing ourselves some imprecision of language. The no- 
tation ip^ : ^ Yr, is meant to suggest the germ at a point ^ G X 
of a morphism of complex-analytic spaces ip : X ^ Y , rj = p>{C}- In 
particular, we will write Ox,^ for the local ring of X^. Consider a 
representative p : X ^ Y oi p^. The "if" clause in Definition 11.61 
means more precisely that, for a sufficiently small representative W 
of in X, the germ ip{W)r, lies in a proper analytic subgerm of F,, 
(respectively, <p>{W) is nowhere-dense in Y .) 

By the prime avoidance lemma, : — * has an algebraic (re- 
spectively, geometric) vertical component if and only if there exists a 
nonzero element m G such that the zero-set germ V{AmiQ^ ^{m)) 
of the annihilator of m in Ox,£, is mapped to a proper analytic (respec- 
tively, nowhere-dense) subgerm of Y^. 

We can extend the notion of vertical component to a finitely gener- 
ated Ox,?-Hiodule F: 

Definition 1.7. Let be the zero-set germ of the support of F; 
i.e., Z^ = V (n{P ■ P ^ Assc)_y ^(F)}) . We say that F has an algebraic 
(respectively, geometric) vertical component over Y^ (or over OY^-q) if 
has an algebraic (respectively, geometric) vertical component over Y^ 
in the sense of Definition II. 6j equivalently (by prime avoidance again), 
there exists a nonzero m & F such that the V{A.miQ^ ^{m)) is mapped 
to a proper analytic (respectively, nowhere-dense) subgerm of Y^. In 
the geometric case, we will call such m a geometric vertical element (or 
simply a vertical element) of F over (or over Oy^n)- 

Note that an analogous "algebraic vertical element" of F over is 
simply a (nonzero) zero-divisor of F over Oy^n, so there is no need to 
define algebraic vertical elements. A vertical element will always mean 
geometric vertical. 

Remark 1.8. In the special case that F = Ox,^-, X^ has no geometric 
(respectively, algebraic) vertical components over if and only if Ox,? 
(as an (9x,g-niodule) has no vertical elements (respectively, no zero- 
divisors) over Oy^r)- 

Now let R denote a regular local analytic C-algebra of dimension 
n. Then R is isomorphic to the ring C{?/} = C{?/i, . . . ,?/„} of con- 
vergent power series in n variables. A local analytic R-algebra A 
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means a ring of the form R{x} / 1 = C{y,x}/I, where / is an ideal 
in C{y, x} = C{yi, ...,?/„, Xi, ... , Xm}, with the canonical homomor- 
phism R ^ A. Let F denote an i?-module. We say that F is an almost 
finitely generated R-module (following [8]) if F is a finitely-generated 
A-module, for some local analytic i?-algebra A. In this case, there is a 
morphism of germs of analytic spaces (^^ : — such that R = OY,ri, 
A = Ox,^, R ^ A is the induced homomorphism : Oy,, Ox,^, 
and F is a finitely-generated Ox,^-^odule. We say that a nonzero el- 
ement m G -F is vertical over i? if m is vertical over Oy^n in the sense 
of Definition 11.71 

Remark 1.9. It is easy to see that the notion of vertical element is well- 
defined; i.e., independent of a choice of local i?-algebra A such that F 
is a finitely generated A-module. In particular, given an almost finitely 
generated i?-module F, we can assume without loss of generality that 
F is finitely generated over the regular ring A = R{x} = C{y,x}, 
where x = (xi, . . . , Xm), for some m > 0. 

1.2. Main results. Our main theorem is the following flatness crite- 
rion. 

Theorem 1.10. Let R be a regular local analytic C-algebra and let F 
denote an almost finitely generated R-module. Let n = dimi?. Then 
F is R-flat if and only if the n-fold analytic tensor power has no 
vertical elements over R. 

(See Section 2 for the notion of analytic tensor power.) In the case 
that F is a local analytic i?-algebra A, Theorem 11.101 can be restated 
as follows. 

Corollary 1.11. Let ip^ : Y^^ denote a morphism of germs of 

complex- analytic spaces, where Y^j is smooth of dimension n. Then ip^ 

is flat if and only if the n-fold fibred power v^^^i} : X^}^^ — > has no 
(isolated or embedded) geometric vertical components. 

Proof. Let R = C{?/i, . . . , Then Oy^^ = R and can be 

viewed as an almost finitely generated i?-module. (We can embed 
(a representative of) in C" and identify X^ with the graph of 
in X Yri to realize Ox,( as a quotient of R{xi, . . . ,Xm}-) Since 

Ox,(^OYr, ■ ■ ■ ®OYv^^<i ~ ^x{"},5{">5 the left-hand side has no vertical 
elements over Oy^n if and only if the n-fold fibred power of X^ over 
has no geometric vertical components (by Remark I l.Sp . □ 

Corollary 11.111 in the special case that X^ is equidimensional is the 
theorem of Galligo and Kwiecihski [8]. The assumption that X^ is 
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equidimensional guarantees that A = Ox,^ is a finite torsion-free mod- 
ule over some i?-fiat algebra 5* (where R = Oy^n), and Auslander's 
techniques can be extended to this case [8]. 

We are happy to acknowledge the influence of [8] on our paper. We 
show that the same methods can be used when the module F in Theo- 
rem ll.lOl is torsion-free over A. (See Section[3]and Case (1) of the proof 
of Theorem 11.101 ) Of course, if F is expressed as in Remark 11.91 and 
m = 0, Auslander's theorem applies directly. We prove Theorem 11.101 
by induction of the number m of x-variables. The most difficult new 
situation in the inductive step is the case that F is neither torsion-free 
nor a torsion A-module (Case (3) of the proof of Theorem 11.101 ) 

By way of comparison with Corollary 11.111 we note that openness 
of an analytic mapping with irreducible target can be characterized by 
the lack of isolated algebraic vertical components in the n-fold fibred 
power (where n is the target dimension; see [1], [2], and Section H]). 

Frisch's generic fiatness theorem asserts that if JF is a coherent sheaf 
of Ox-modules over a morphism ip : X Y of complex-analytic 
spaces, then {C, E X : J^^ is not (9y^(^(^)-fiat} has image nowhere-dense 
in Y. Frisch's theorem is responsible for the criterion of Theorem 11.101 
in terms of geometric vertical elements. The existence of a vertical 
element in F^R guarantees the existence of a zero-divisor of F®« over 
R, for some k >n (by [1] and Theorem 11.101) . The following question 
seems to be open. 

Question 1.12. With the assumptions of Theorem if F is not 

R-flat, does F^^ have a zero-divisor over R? 

If ip^ : X^ ^ Yri and F have an underlying algebraic structure as 
in Theorem II. 3[ then the notions of geometric and algebraic vertical 
components coincide, so that Theorem 11.31 follows from Theorem 11.101 

Proof of Theorem ] 1.3[ If Fp is -R-fiat, then Fp ^ is i?-fiat and therefore 
i?-torsion-free, for all k. 

On the other hand, fiatness and torsion-freeness are both local prop- 
erties. I.e., Fp is i?-fiat (respectively, i?-torsion-free) if and only if F^ 
is i?-fiat (respectively, i?-torsion-free) , for every maximal ideal m of A 
containing p. Suppose that Fp is not i?-fiat. Then there is a maximal 
ideal m containing p such that Fm is not i?-fiat, and it suffices to prove 
that Fm^ is not i?-torsion-free. Let ip : X ^ Y he the morphism of 
complex-analytic spaces associated to the morphism Spec A Spec R 
and let be the coherent sheaf of Cx-modules associated to F. Let 
^ G X be the point corresponding to the maximal ideal m of Spec A. 
It follows from faithful fiatness of completion that JF^ is not Oy^^-fiat, 
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where r] = (p{$,)- By Theorem I1.10[ JF^ has a vertical element over 
Oy^n- Since ip^"-^ is the holomorphic map induced by the ring homo- 

morphism R A^r, it follows from Chevalley's Theorem that JF^ 

has a zero-divisor in Oy,^. Then F^^ has a zero-divisor in R; i.e., 

is not i?-torsion-free. □ 



2. Analytic tensor product and fibred product 

We briefly recall the concepts of analytic tensor product and fibred 
product of analytic spaces, which are used throughout the paper. 

The analytic tensor product is defined in the category of finitely gen- 
erated modules over local analytic C-algebras (i.e., rings of the form 
C{zi, Zn} / 1 for some ideal /) by the usual universal mapping prop- 
erty for tensor product (cf. [9]): Let ipi : R —>■ Ai {i = 1,2) be homo- 
morphisms of local analytic C-algebras. Then there is a unique (up to 
isomorphism) local analytic C-algebra y4i(8>i?^2, together with homo- 
morphisms 9i : Ai ^ Ai^jiA2 {i = 1,2), such that (1) 9iO{pi = {p2, 
and (2) for every pair of homomorphisms of local analytic C-algebras 
ipi : Ai ^ B , 'ip2 '■ ^2 ^ B satisfying ipiO{pi = ip2°'^2, there is a unique 
homomorphism of local analytic C-algebras ip : Ai^fiA2 B making 
the associated diagram commute. The algebra Ai®_rA2 is called the 
analytic tensor product of Ai and A2 over R. 

For finite modules Mi and M2 over local analytic i?-algebras Ai and 
A2, respectively, there is a unique (up to isomorphism) finite ^1(8)^^2- 
module Mi®_rM2, together with an i?-bilinear mapping p : Mi x M2 
Mi®ijM2, such that for every i?-bilinear k, : Mi x M2 N, where is 
a finite Ai^ jiA2-Biodu\e, there is a unique homomorphism of Ai®i?A2- 
modules A : Mi®^M2 N satisfying k = \ op. The module Mi(g)^M2 
is called the analytic tensor product of Mi and M2 over R. 

Remark 2.1. The analytic tensor product is often denoted (8>, al- 
though there seems to be no standard notation. We use the notation 
(g) for the analytic tensor product (and Tor for its derived functors) in 
order to avoid confusion with the completed tensor product (8> (and its 
derived functors) which also appear frequently in our arguments. 

It is sometimes convenient to express the analytic tensor product 
of modules over a local analytic C-algebra in terms of ordinary ten- 
sor product of certain naturally associated modules: Given homomor- 
phisms of local analytic C-algebras (f : R ^ Ai, and finitely generated 
y4j-modules Mj {i = 1,2), the modules Mi^jiA2 and Ai^jiM2 are 
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finitely generated over Ai^jiA2, and there is a canonical isomorphism 

In particular, if Ai = R{x}/Ii and A2 = R{t} / 12, where x = (xi, . . . , x;), 
t = (ti, . . . , tm) are systems of variables and Ii C R{x}, I2 C R{t} are 
ideals, then 

A^®rA2 = {A^®RR{t})®R{,^^^R{^}{R{x}®RA2) 

^ {R{x, t}/hR{x, t}) ®R{,^t} {R{x, t}/l2R{x, t}) 
^ R{x,t}/{hR{x,t} + l2R{x,t}) . 

The fibred product of analytic spaces is defined by a dual univer- 
sal mapping property (see |i3j): Let (p : Xi ^ Y {i = 1,2) denote 
holomorphic mappings of complex analytic spaces. Then there exists 
a unique (up to isomorphism) complex analytic space Xi Xy X2, to- 
gether with holomorphic maps VTj : Xi Xy X2 — > Xj {i = 1,2), such 
that (1) o TTi = o 7r2, and (2) for every pair of holomorphic maps 
ipi : X ^ Xi, ip2 '■ X X2 satisfying (pi o ipi = ip2 o ip2, there is a 
unique holomorphic map ip : X Xi Xy X2 making the associated 
diagram commute. The space Xi Xy X2 is called the fibred product 
of Xi and X2 over Y (more precisely, over ipi and ip2)- There is a 
canonical holomorphic mapping ipi Xy ip>2 '■ Xi Xy X2 Y , given by 
{pi Xy {p2 = T^i (where i = 1 or 2). 

Given a holomorphic map ip : X Y oi complex analytic spaces, 
with (p){^) = rj, let ip^ : X^ Y^ denote the germ of ip at ^. We denote 
by 'p^'^^ : X^'^^ — * Y the canonical map from the d-fold fibred power 
of X over Y to F, and by v^^{]} : x'^fd) ~^ its germ at the point 

e^'^> := (e,...,OeX'^. 

Suppose that ip>i : Xi Y and ip>2 '■ X2 ^ Y are holomorphic 
mappings of analytic spaces, with ipi{ii) = '^2(^2) = V- Then the 
local rings Oxi,^i ii = 1,2) are Cy^^-modules and, by the unique- 
ness of fibred product and of analytic tensor product, the local ring 
^z,(ii,i2) of the fibred product Z = Xi Xy X2 at (^1,^2) is canoni- 
cally isomorpic to O Xi,£_^®Oy X2,£.2- Therefore, given a holomorphic 
germ (p^ : X^ Y,f^, we will identify the ci-fold analytic tensor power 

^x,i''' ^ Ox,^®OY.n ■ ■ ■ ®Oy,^C'x,c with the local ring of the d-iold fi- 
bred power Ox{d}^^{d), for d>l. 
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3. HOMOLOGICAL PROPERTIES OF ALMOST FINITELY GENERATED 

MODULES 

We begin with some flatness properties of almost finitely generated 
modules, established by Galligo and Kwiecihski [8], that generalize the 
corresponding properties of finite modules used by Auslander's [3]. We 
then generalize a lemma of Auslander [3l Lemma 3.1] to almost finitely 
generated modules (Lemma 3.3 below). 

Let R = C{yi, ...,?/„} denote a regular local analytic C-algebra of 

dimension n. Let denote the analytic tensor product over R, and 

- — R 

let Tor be the corresponding derived functor. 

Let F denote an almost finitely generated i?-module. We define the 
flat dimension fdniR) of R over R as the minimal length of a fiat 
resolution of R (i.e., a resolution by i?-flat modules). It is easy to see 
that 

(3.1) fd/j(F) = max{z G N : Ibrf (F, N) ^ for some A^} . 
Indeed, if M is an almost finitely generated -R-module, then 

(3.2) M is R-Rat ^ Tbrf (M, R/mn) = , 

where xxiji is the maximal ideal of R (cf. [11, Prop. 6.2]). Let {A, rriyi) be 
a regular local -R-algebra such that F is a finite A-module. Then (3.1) 
follows from (3.2) applied to the kernels of a minimal A-fiee (hence 
R-fiat) resolution 

of F. (JFk minimal means that ai{Fi+i) C mA-Fj, for all i G N). 

The depth depthj:j(F) of F as an i?- module is defined as the length of 
a maximal F-sequence in R (i.e., a sequence Ci, . . . , G vciR such that 
aj is not a zero-divisor in F/(ai, . . . , aj-i)F, for j = 1, . . . , s). Since 
all the maximal F-sequences in R have the same length, depth is well 
defined: As observed in [H Lemma 2.4], the classical proof of Northcott- 
Rees for finitely generated modules (see, e.g., [121 §VI, Prop. 3.1]), car- 
ries over to the case of almost finitely generated modules. 

Lemma 3.1. Let M and N be almost finitely generated R-modules. 
Then the following properties hold. 

(1) Rigidity of Tor [8, Prop. 2.2(4)] . // Toi^^iM, N) = Q for some 

io G N, then Tbrf (M, A^) = for all i > iq. 

(2) Auslander-Buchsbaum-type formula [H Thm. 2.7]. 

fdR(M) + depths (M) =n. 
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(3) Additivity of flat dimension [8, Prop. 2.10]. IfToi^{M,N) = 
for all i > 1, then 

fdfi(M) + fdH(iV) = fdniM^RN) . 

(4) Verticalityof Tor (cf. [8^, Prop. 4.5] For alii > 1, Tor^ {M,N) 
is an almost finitely generated R-module, and every element of 



Tor^ {M,N) is vertical over R (recall Definition \l.l\j . 

Remark 3.2. Contrary to the finitely generated case, the analytic 

- — R 

Torj need not be torsion i?-modules. It seems to be unknown whether 
they necessarily contain i?- zero-divisors (cf. Question 1.12). 

Lemma 3.3. Let A = R{x} denote a regular local analytic R-algebra, 
). Let F he a finitely generated A-torsion-free module, 

and let N he a module which is finitely generated over B = A®R, for 
some j > 1. Suppose that F^rN has no vertical elements over R. 
Then: 

(1) has no vertical elements over R; 

(2) Ibrf (F, N) = 0, for all i > 1; 

(3) idR{F)+fdn{N) = idRiF^RN). 

Proof. To prove (1), consider A^' = {n G : n is vertical over R}. It 
is easy to see that A^' is a -B-submodule of A^. Indeed, if n, ni,n2 G A^' 
and b E B, then 

Anns(ni + 112) D AnnBifii) ■ Ann5(n2) and AnriBibn) D AnnB{n) ; 

hence the zero set germ V(AnnB(ni + ^2)) is mapped into the union 
of the (nowhere-dense) images of V(Anns(ni)) and V(Ann£(n2)), and 
V(Anng(6?2)) is mapped into the image of V{AnnB{n)). Therefore, we 
get an exact sequence of -B-modules, 

0^ N' ^ N ^ N" = N/N' . 

Tensoring with F induces a long exact sequence of A^rB = A^R - 
modules, 

(3.3) . . . ^ Tb^f+i(F, N') Twf+i(F, N) ^ Twf+i(F, N") 

Tb^f (F, N')^ ...^ Tbrf (F, A^") 
^ F®rN' F®rN F§rN" . 

Since every element of A^' is vertical over R, the same is true for F^rN' 
(indeed, Ann^^^5(/®Rn) D l®RAnnB(n) for all / G F, n G A^'). But 
F^rN has no vertical elements, by assumption, so that F^rN' 
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F^nN is the zero map; hence F^^N = F^nN". In particular, 
F^Ft^" has no vertical elements over R. 

Since F is A-torsion-free, there is an injection of F into a finite free 
A-module L (obtained by composing the natural map F (F*)*, 
which is injective in this case, with the dual of a presentation of F*). 
The exact sequence of A-modules O^F^L^L/F^O induces a 
long exact sequence of A^ptB-modules, 

. . . ^ Tbrf+i(L, N") ^ T^CiL/F, N") Tb^f (F, N") 

ToT^iL, N") . . . ^ ToT^{L, N") ^ Tbrf (L/F, A^") 
F®rN" L®rN" L/F^rN" . 

Since L is a free A-module and therefore i?-fiat, Tor^ (L, A^") = for 
alH > 1, and we obtain isomorphisms 

(3.4) Tbrf+,(L/F, N") = Tbrf (F, iV"), ^ > 1 , 

as well as injectivity of Tor^ {L/F,N") F^rN". But F^rN" has 

no vertical elements, while every element of Tor^ {L/F,N") is verti- 

cal over R (by Lemma 0(4)); hence Tot^{L/F,N") F^rN" is 

the zero map. Therefore, . . . Tor^ {L/F, N") ... is exact; hence 

ToT^{L/F,N") = 0. By rigidity of Tb^^ (LemmaEIKl)), Torf^^iL/ F, N") 
for all i > 1, so by (3.4), 

(3.5) ToTi{F, N") = 0, t>l. 

In particular, Tor^ (F, A^") = 0, hence, . . . F®rN' ... is exact, 
by (3.3), so that F^rN' = 0. However, F^rN' = (F^rB) ^a^uB 
{A^rN') is an (ordinary) tensor product of finitely generated modules 
over a regular local ring A^rB, so it is zero only if one of the factors 
is zero. We conclude that A^rN' = 0, and therefore A^' = 0, by 
i?-fiatness of A. This proves assertion (1). 

Now, Tbrf (F, A^') = for all i > 0; hence Tbrf (F, A^) ^ Tbrf (F, A^") 

for all z > 1, by (3.3). Therefore, Tbrf (F, A^) = for all i > 1, by (3.5), 
proving (2). 

Assertion (3) follows from Lemma [3.1( 3) and (2). □ 
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4. Vertical components and variation of fibre dimension 

In this section, we describe a relationship between the fihration of 
the target of an analytic mapping ip : X —>■ Y hj fibre dimension and 
the isolated irreducible components of the n-fold fibred power 
where n = dimY. 

Let : — > Y^^ be a morphism of germs of analytic spaces, where 
Yri is irreducible and of dimension n. Let Y be an irreducible repre- 
sentative of Yj^, and let X be a representative of X^, such that the 
components of X are precisely the representatives in X of the compo- 
nents of X^, and <f{X) C Y, where (f represents the germ (f^. Let fhdxf 
denote the fibre dimension dim^. of at a point x G X. 

We will use the following notation in this section: / := min{fbd^<^ : 
X G X}, k := max{fbda;(/9 : x G X}, and Aj := {x G X : fbd^<y9 > 
j}, I ^ 3 ^ k. Then X = D A^+i D • ■ ■ D and, by upper- 
semi continuity of fibre dimension (see Cartan-Remmert Theorem [151 
§V.3.3, Thm. 5]), the Aj are analytic in X. Define Bj := f{Aj) = {?/ G 
Y : dimip^^{y) > j}, I < j < k. Upper-semicontinuity of fhd^'^ (as a 
function of x) implies that the germs (Aj)^ and {Bj)^^ are independent 
of the choices of representatives made above. 

Note that, except for Bk (cf. proof of Proposition 14. II below) . the Bj 
may not even be semianalytic in general. This fact is responsible for a 
complicated relationship between the algebraic vertical and geometric 
vertical components in the fibred powers of X over Y (see [2] for a 
detailed discussion), but will not affect our considerations here, which 
rely only on the properties of B^. 

Proposition 4.1 ([1, Prop. 2.1]). Under the assumptions above, let 
UiG/ ^* denote the decomposition of (X^"J')j.ed into finitely many iso- 
lated irreducible components through ^^""^ ■ Then: 

(1) For each j = I, . . . , k, there is an index subset Ij C / such that 

B, = [j ^^-Hw.) . 

(2) Let y G Bj and let s = dimip~^{y) (s > j). If Z is an isolated 
irreducible component of the fibre ((p^'^^)^^{y) , of dimension ns , 
and W is an irreducible component o/X'^"^ containing Z, then 

y,W(l^) C Bj. 

Proof. For (2), fix j > / + 1. (The statement is trivial for j = I, 
since Bi = {p{X).) Suppose that there exists x = (xi,...,x„) G W 
such that (p{xi) G Y \ Bj (and hence (p{xi) G Y \ Bj, i < n). Then 
fbdaj-v? < J — 1, 2 = 1, . . . , n; hence ^d^'^^'^^ < n{j — 1) = nj — n. 
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In particular, the generic fibre dimension of is at most nj — n. 

Since rank((^'f"^|vi/) < dimF = n, then dim 14^ < (nj — n) + n = nj 
(see, e.g., m V.3]). 

Now we have W D Z, dimly < nj, dimZ = ns > nj, and both 
W and Z are irreducible analytic sets in X^^\ This is possible only 
if W = Z; hence ^^""^W) = v?^">(Z) = {y} d Bf, a contradiction. 
Therefore Lp'^'^^(W) C Bj, completing the proof of (2). 

Part (1) follows immediately, since if y G Bj and Z is an irreducible 
component of ('^^^^)~^(y) of the highest dimension, then there exists 
an isolated irreducible component W of X^'^^ that contains Z. □ 

The following is a simplified variant of an openness criterion of [H 
Thm. 2.2], proved here under somewhat weaker assumptions. 

Proposition 4.2. Let ip^ : be a morphism of germs of an- 

alytic spaces. Suppose that Yr, is irreducible, dimF^ = n, dimX^ = 
m, and the maximal fibre dimension of ip^ is not generic on any Tri- 
dimensional irreducible component of X^. Then the n-fold fibred power 
V^^l} '■ -^^{n} ~^ contains an isolated algebraic vertical component. 

Proof. As above, let (p : X Y he a representative of ip^, where Y is 
irreducible and of dimension n. Let k := maxjfbd^^v? : x G X}, : = 
{x d X : ihd^ip = k}, and B^. := ip(Ak) = {y E Y : dimLp^^(y) = k}. 
Then the fibre dimension of ip is constant on the analytic set A^. By the 
Remmert Rank Theorem (see [T5j §V.6, Thm. 1]), Bk is locally analytic 
in y, of dimension dimX — k. Shrinking Y if necessary, we can assume 
that Bk is an analytic subset of Y. Therefore, by Proposition 14.11 it 
is enough to show that the analytic germ (-Bfc)r? is a proper subgerm 
of Yrj. Let U be an isolated irreducible component of X, of dimension 
m = dimX. By assumption, the generic fibre dimension of ip\u is at 
most k — 1; hence 

dimF > dimf/— generic fbdy^lf/ > m — k + 1. 

Then dimSfc = m — k < dimy; hence dim(Bk)n < dimF = dimF^, so 
that (Bk)^ ^ Yr,. □ 

5. Proof of the main theorem 

Proof of Theorem 1.10. We can assume that F is an almost finitely gen- 
erated module over R := C{yi, . . . , ?/„}. By Remark II. 9[ there exists 
m > such that F is finitely generated as a module over A = R{x}, 
where x = (xi, . . . ,Xm)- Let X and Y be connected open neighbour- 
hoods of the origins in C™'"'"" and C" (respectively), and \ei (p : X ^Y 
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be the canonical coordinate projection. Let JF be a coherent sheaf of 
Ox-modules whose stalk at the origin in X equals F, and let ^ be a 
coherent -module whose stalk at the origin 

Q{n} in equals 

We can identify R with Oyfl and A with Ox,o- Then F is R-fiat 
if and only if jFg is Oy^o-Aat. 

We first prove the "only if" direction of Theorem II .lOt by contradic- 
tion. Assume that F is i?-flat. Since flatness is an open condition, by 
Douady's theorem [5], we can assume that and Q are Oy-flat. Sup- 
pose that F'^^ has a vertical element over Oyfl- In other words, (after 
shrinking X and Y if necessary) there exist a nonzero section rh & Q 
and an analytic subset Z C X'^"^, such that Zq = V{Aivo.o^^^y ("^o)) 

and the image (p^'^^Z) has empty interior in Y. Let (p denote the re- 
striction ip^"'^z '■ Z ^ Y. Consider ^ E Z such that the fibre dimension 
of at ^ is minimal. Then the fibre dimension fbda;(^ is constant on 
some open neighbourhood [/ of ^ in Z. By the Remmert Rank The- 
orem, <f{U) is locally analytic in Y near rj = Since <f{Z) has 
empty interior in Y, it follows that there is a holomorphic function 
g in a neighbourhood of r] in Y, such that {(p{U))r^ C V((7,,). There- 
fore, ip^{grf)-rh^ = in Q^; i.e., has a (nonzero) zero-divisor in Cy,r), 
contradicting flatness. 

We will now prove the more difficult "if" direction of the theorem, 
by induction on m. If m = 0, then F is finitely generated over R, 
and the result follows from Auslander's theorem 11.11 (because fiatness 
of finitely generated modules over a local ring is equivalent to freeness, 
the analytic tensor product equals the ordinary tensor product for finite 
modules, and vertical elements in finite modules are just zero-divisors). 

The inductive step will be divided into three cases: 

(1) F is torsion-free over A; 

(2) F is a torsion A-module; 

(3) F is neither A-torsion-free nor a torsion A-module. 

We will use the following notation for (f and its fibred powers. If 
^ E X and rj = (f{C,) G Y, then we write ^ = {(,1]), where ( G 
C™. If ^1, . . . , ^„ G X are all mapped to t], then we denote the point 
(6, . . . , en) G Xi"} by (C, V), where C = (Ci, • • • , Cn) G C"™, = {Q, r,). 

Case (1). We prove this case independently of the inductive hypoth- 
esis. We essentially repeat the argument of Galligo and Kwiecihski [5], 
which itself is an adaptation of Auslander to the almost finitely 
generated context. 

Suppose that F^R has no vertical elements over R. Then it follows 
from Lemma [373^ 1) that F®« has no vertical elements, for i = 1, . . . , n. 
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By Lemma [3l3] (3). 

fd^(F^«) = fdn{F) + fd^(F^«") = ■ • ■ = n ■ fd^(F) . 

On the other hand, since has no vertical elements over R, it has 
no zero-divisors over R, so that depth^(F'^fl) > 1. It follows from 
Lemma 0(2) that fdi?(F®«) < n. Hence n ■ fd/j(F) < n. This is 
possible only if idji{F) = 0, i.e., F is i?-flat. 

Case (2). Suppose that F is not _R-flat. We will show that then F^R 
contains vertical elements over R. Let I = Ann^(F). Since every 
element of F is killed by some nonzero element of A, and F is finitely 
generated over A, then / is a nonzero ideal in A. Put B = A/F, then 
F is finitely generated over B. Let /(O) denote the evaluation of / at 
y = (i.e., the result of tensoring / with <§)jiR/m.R; /(O) is the ideal 
generated by / in ^4(0) := Ai^RR/mR = C{xi, . . . , Xm})- 

First suppose that /(O) 7^ (0). Then there exists g & I such that 
(7(0) := (7(0, x) 7^ 0, and F is a finite y4/((yf)A-module. It follows that 
(after an appropriate linear change in the x-coordinates) g is regular 
in Xm and hence, by the Weierstrass Preparation Theorem, that F is 
finite over R{xi, . . . , x^-i}- Therefore, F®R has a vertical element over 
R, by the inductive hypothesis. 

On the other hand, suppose that /(O) = (0). Then -B(O) = C{xi, . . . , Xm\- 
Let Z be a closed analytic subspace of X such that Oz,o — B, and let 
(f := It follows that the fibre <^~^(0) equals C™. Of course, m 

is not the generic fibre dimension of ip, because otherwise all its fibres 
would equal C", so we would have B = A and I = (0), contrary to 
the choice of /. Therefore, by Proposition 14.21 there is an isolated al- 
gebraic vertical component in the n-fold fibred power of (fo; i.e., B^R 
has a zero-divisor in R. But is a finitely generated i?'^«-module, 
so itself it has a zero-divisor (hence a vertical element) over R. 

Case (3). Suppose that F is not i?-fiat, F has zero-divisors in A, but 
AnnA(F) = (0). Let 

K := {f ^ F : af = for some nonzero a G A}; 

i.e., K is the A-torsion submodule of F. Since i^' is a submodule 
of a finitely generated module over a Noetherian ring, K is finitely 
generated; say K = J2i=i fi- Take ai E A \ {0} such that Oj/j = 0, 
and put g = ai . . . ag. Then the sequence of A-modules 

(5.1) O^K^F^gF^O 

is exact, and gF is a torsion-free A-module. 
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First suppose that gF is i?-flat. By applying ®rK and F®^ to (5.1), 
we get exact sequences 

. . . ^ Tbrf (^F, K) K^bK F®rK gF^nK 0, 
. . . Tbrf (F, gF) ^ F^rK ^ F^rF ^ F®r gF ^ . 

R ^ R 

But Tor^ [gF,K) = = Tor^ {F,gF), since gF is i?-flat. So we have 
injections 

K^rK F^rK F®rF , 

~i ~i 

and by induction, an injection <^ /T'X'ii^ for alH > 1. In particular, 
is a submodule of F'^fi. Since gF is i?-flat and F is not -R-flat, it 
follows that K is not i?-flat. Therefore, by Case (2), K^R (and hence 
F^R) has a vertical element over R. 

Now suppose that (yfF is not i?-flat. We will consider two subcases, 
depending on whether g{0) = 0, where g{0) is the evaluation of g at 
y = 0. 

Subcase (3.1). Suppose that g{0) = 0. Consider the algebra B = 
A/{g)A. As in Case (2), let Z he a closed analytic subspace of X such 
that Oz,o = B, and let <^ = !f\z : Z ^ Y . Since ^(0) = and S ^ A, it 
follows as in Case (2) that the n-fold fibred power of (fo has an isolated 
algebraic vertical component over Yq, by Proposition I4.2[ Let (the 
germ) Z' denote the union of all such components, and let Z" denote 
the union of the remaining irreducible components of -^q{1\ • Then there 
exists a nonzero r G Oyfl such that Z' is mapped by <y9'f"^ into the zero- 
set germ V(r); hence r6 = in _B'^«, for every b e = OxMfl{n} 
which vanishes identically on Z" when restricted to Z' U Z". 

Consider the surjection p : F®« — > {gF)'^R induced by (5.1). Since 
gF is a non-i?-flat module which is torsion-free over A, then there exists 
a nonzero vertical element m G ((?-F)®«, by Case (1). Choose m G F'^^ 
such that p(m) = m. Then 

- n 

Ann^^- (m) D Ann^«^ (m) • Ann^^- (5®«) , 

by the definition of p. Since fh is nonzero and vanishes on Z' U Z", and 
= f^V(6), where the intersection is over finitely many b as above, 
we can choose b G A^R such that both rfe = in B^R and 6m 7^ 0. 
Then 6m 7^ in F®« (because p{bm) = bfh). Furthermore, since r6 = 
in we get 

Ann^^g(6m) D Ann^^^ (m)-r. 
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Therefore, V {Ann ^^^{bm)) is mapped into the union of the nowhere- 
dense germs V(r) and the image of V(Ann^^^ (m)). In other words, 
bm is a vertical element of F^R. 

Subcase (3.2). Finally suppose that g{0) = g{0, x) 7^ 0. We will show 
that then ((7F)®« embeds into F®« (hence so do its vertical elements). 
The following lemma shows that, in order for (gF)'^'^ to embed into 
it suffices to prove that (^'^^ is not a zero-divisor of (gfF)'^^. 

Lemma 5.1. Let R = C{yi, . . . ,yn}, let A and B he regular lo- 
cal analytic R-algebras. Suppose that M and N are finite A- and B- 
modules (respectively) . Let g & A, h & B, and m G gM^^hN all be 
nonzero elements. If m = as an element of M^rN, then g®Rh is a 
zero-divisor of gM^^hN . 

Proof. Using the identification 

gM®RhN = {gM®RB) 0^^^^ {A^rHN) , 

we can write m = 'Y^i=i'^i ® "where the rrii G gM^RB, and 
ni, . . . ,nk generate A^rHN. The latter can be extended to a sequence 
ni,...,nk, nk+i, . . . ,nt generating A^rN. Setting mk+i_ = ■ ■ ■ = rrit = 
0, we get m = ^^^i mi ® ni G {M®rB) ^a^rB 

{A®rN). By H 

Lemma 6.4], m = in M^rN if and only if there are m[, . . . ,m'g G 
M®rB and aij G A^rB, such that 

mi in M^rB, for all i ; 

in A®rN, for all j . 
Multiplying the equations (5.2) by g^Rl, we get 

s 

(5.4) '^aij{gi§Rl)m'j = {g0Rl)mi in gM®RB, for alH ; 

hence {g®Rl)m = in gM®RN , by (5.3) and (5.4). 

Now write {g®Rl)m = ® Ui, where the rij G A^rN, and 

mi, . . . ,mi generate gM®RB. Then {g®Rl)m = in [gM^RB)®^^^^ 
{A®rN) if and only if there are . . . ,n'p G A^rN and hj G A^rB, 



(5.2) 



t 



(5.3) 



i=l 
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such that 

p 

(5.5) '^^biju'j = Ui in A^^N, for all i ; 

I 

(5.6) "^bijTTii = in gM^^B, for all j . 

i=l 

Multiplying the equations (5.5) by I^rH, we get 
p 

(5.7) '^bij{liS)Rh)n'j = {lig)Rh)ni in A^rHN, for alH ; 
i=i 

hence {g®Rh)m = in gM^RhN, by (5.6) and (5.7). Thus g®Rh is a 
zero-divisor of gM®RhN, as required. □ 

The next lemma is an immediate consequence of the properties of 

completed tensor product [16]. Here ®c denotes the completed tensor 

c 

product over C, and Tor denotes its derived functor. 

Lemma 5.2. Let A = C[[xi, . . . , B = C[[zi, . . . , zi]], and let 
N' N, M' ^ M he inclusions of finitely generated A-, B-modules 
(respectively). Then N'^qM' is a suhmodule of N^^M . 

Proof Since A and B are faithfully fiat over C, N' ^ N and M' ^ M 
are injective as in the hypotheses if and only if we have monomorphisms 
of A®c-B-modules, 

N'^cB ^ N^cB and ^ A®cM' ^ A®cM . 

- — 

The derived functor of the completed tensor product satisfies Tor- (-, ■) = 
for i>l (see [161, p. 104]), so that, by tensoring the first short exact 
sequence with A®^^ and the second with N'^^B, we get injections 

if^cl ■■ (N'^cB) (^A^eB (A^cM) ^ (N^cB) ®A^cB i^^cM) , 
l®c^ : (N'^cB) 0A^cB {A^cM') ^ (N'^cB) 0a^cB (^®cM) . 

Hence the composite {ip®cl)o(^l^^ip) is injective; i.e., N'^^M' embeds 
into NiS)cM. □ 

We can now complete the proof of Subcase (3.2). Since F is a finite 
A-module, we can write F = A'^/M, where g > 1 and M is a submodule 
of A'?. Then 

(g^rm = g\0)-F{0) = g\0) ■ ^ = , , 

' ^ ^ ' ^ ' ^ ^ ' M(0) M(0) : c/'(0) ' 
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for all / > 1, where evaluation again means setting y = (or, equiva- 
lently, taking ^RR/van), and M(0) : ^'(0) := {m e ^"(0) : g\0)-me 
M(0)}. Since 

M{0):g{0) C M(0) : /(O) C---C M{0) : g\0) C... 

is an increasing sequence of submodules of a Noetherian module A'^(O), 
it stabilizes; i.e., there exists k>l such that M(0) : g^^^{0) = M(0) : 
g'^{0). In other words, there exists k > 1 such that g{0) is not a zero- 
divisor in {g^F){0). 

Now let be a coherent sub module of Ox such that JF = 
where J-'o = F, as before, and let ^ be a section of Ox in a neighbour- 
hood of the origin, such that the germ of ^ at equals g. For / > 0, 
define 

Ml := {M : ~g'^')/{M : ~g') . 

Since TVI^ is a finite Ox-niodule, it can be written as J^i = Ox/-Afi, 
where p > 1 and Afi is a finite submodule of O^- Then, for every / > 0, 
since the condition {■Afi){(;,ri){v) = i^x)(C,v)iv) is open in X, it follows 
that the vanishing locus of the evaluation of A4i at points ?7 G F, 

Vi = {(C,r/) G X : (-M0(C,'?)®Oy,.C'y,^M>',r? = 0} 
is open in X. Therefore, without loss of generality, we can assume that 
9iC,ri){v) is not a zero-divisor of {,g''^){c,r]){v)j every {(^v) i^ ^■ 

Finally observe that (because gF is A-torsion-free), multiplication 
by g induces an isomorphism gF —>■ g'^F of A-modules, and in general, 
gF = g'-F, for / > 1. We thus have isomorphisms {gF)^R = {g^F)^R 
of A'^^-modules, for / > 1. In particular, for every / > 1, g^'^ is a 
zero-divisor of (gF)'^^ if and only if it is a zero- divisor of (^'F)®«. To 
complete the proof of Theorem 11.101 it therefore remains to prove the 
following: 

Lemma 5.3. Let k > and suppose that g{0) is not a zero-divisor of 
(/F)(0). Then g®R is not a zero-divisor of (g^F)^^. 

Proof. Suppose the assertion is false. Consider a nonzero m G {g^F)^"^ 
such that g^R-m = in [g F)^'^. Let ^ be a coherent -module 
whose stalk at the origin equals {g^F)'^'^, and let m G ^ be a represen- 
tative of m. Then the germ (^o)*^^ ■ '"^o is zero in Qq] hence 

for all (C, ''7) near the origin in X^^\ where C = (Ci; ■ ■ ■ Xn) and (d, r]) G 
X, z = 1, . . . , n. 
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On the other hand, we can choose (C, ^7) = iCi^ ■ ■ ■ Xn,v) ^ X'^"^ 
arbitrarily close to the origin, so that m(^,^)(?7) 7^ 0. As noted above, 

we can assume that g(Q,ri)(yV) is not a zero-divisor of {g^^)(c_i,r]){ji)i 
i = l,...,n. Then, by Lemma 15.21 and faithful flatness of comple- 

tion, g^^^^^'^v) = ^(Ci,r?)(^)®c---®c^(Cn,r?)(^) is not a zero-divisor of 
= (^'-^)(Ci,.)(^)®c...®c(^'=^)(c„,.)(^)- Hence 

a contradiction. □ 
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